A new family of distributions called the Muth family of distributions is introduced and studied. Five special submodels of the proposed family are discussed. Some mathematical properties of the Muth family are studied. Explicit expressions for the probability weighted, moments, mean deviation and order statistics are investigated. Maximum likelihood procedure is used to estimate the unknown parameters. One real data set is employed to show the usefulness of the new family.
Introduction
The most popular traditional distributions often do not characterize and do not predict most of the interesting data sets. Generated family of continuous distributions is a new improvement for creating and extending the usual classical distributions. The newly generated families have been broadly studied in several areas as well as yield more flexibility in applications. Some well-established generators and other recently are the beta-G by [10] , gamma-G by [18] , Transformed-Transformer (T-X) by [3] , Weibull-G by [4] , exponentiated half-logistic-G by [6] , the Type I half-logistic-G by [5] , Garhy-G by [9] , Kumaraswamy Weibull-G by [13] , exponentiated Weibull-G by [12] , Topp-Leone -G by [2] , Type II half logistic-G by [14] , generalized odd log-logistic by [7] , and Odd Frechet-G by [11] , among others.
Authors in [3] proposed T-X generated family of any continuous distribution with the following cdf In this new paper, we introduce a new generated family of distributions using the Muth distribution as a generator. This paper can be sorted as follows. In the next section, the Muth-generated (M-G) family is defined. Section 3 concerns with some general mathematical properties of the family. In Section 4, five new special models of the generated family are considered. In Section 5, estimation of the parameters of the family is implemented through maximum likelihood method. Simulation study is carried out to estimate the model parameters of (MW) distribution in Section 6. An illustrative purpose on the basis of real data is investigated, in Section 7. Finally, concluding remarks are handled in Section 8.
The new family
Muth in 1977 introduced a continuous probability distribution with application in reliability theory [17] . A random variable X is said to have a Muth distribution with parameter α if cumulative distribution function (cdf) is given by
The associated probability density function (pdf) is as follows
Our goal here is to introduce a new family of distributions based on Muth pdf and the T-X family of [3] . The scope of the paper also includes study of the properties, estimation and applications of the evolved family of the distributions.
On the basis of cdf (1.1), we use the Muth distribution as a generator to obtain Muth generated family which is denoted by M-G. Hence the cdf of M-G family can be expressed as follows
where (0 < α 1) is a scale parameter, C = e 1 / α and G (x; ζ) are the baseline cdf (with pdf g (x; ζ)) which may depend on the parameter ζ. Therefore, the pdf of the Muth generated family is as follows
Hereafter, we denote by X ∼ M − G a random variable X has pdf (2.2). The survival function and hazard rate function are, respectively, given by
and
Some statistical properties
This section provides some statistical properties of M-G family of distributions.
Important representation
Using exponential expansion,
2), we can write
We can write the above equation as
where,
By adding and subtracting one we can write equation as
For d, a positive real non integer and |z| < 1, we have the generalized binomial series
Using the expansions (3.1) and (3.2) in the last pdf, we can write
Also, the pdf f(x) of the M-G family can be expressed as follows
where, W k = η k /k + 1, and h a (x) = a g(x; ζ)G(x; ζ) a−1 . Equation (3.1) gives exponentiated-generated (exp-G) with power parameter k. Also, for h, an integer, an expansion for the [F(x)] h is derived as follows
Density and cumulative functions (3.3) and (3.4) can be used to derive several mathematical properties of the M-G family.
3.2. The probability weighted moments Probability weighted moments (PWMs) of X cover the summarization and description of theoretical probability distributions. The elementary use of these moments is in the estimation of the parameters for a distribution whose inverse cannot be expressed explicitly. For a random variable X, the PWM, denoted by τ r,h , is defined by
Inserting (3.3) and (3.4) into (3.5), the PWM of M-G family is obtained as follows
Then,
s z η k τ r,k+z .
Moments
The r th ordinary moment of X follows from (3.3) as
Another formula of r th moment of X is given by
where, τ r,k is the PWM. Furthermore, the moment generating function of X can be expressed as
Additionally, the n th incomplete moment of a distribution play an important role in the applications. Using (3.3), the n th incomplete moment of X is given by
The mean deviation
For a random variable X with pdf f(x) and cdf F(x), the mean deviation about the mean and mean deviation about the median, are defined by
where, µ = E(X), M = Median(X), and T (q) = q −∞ xf(x)dx which is the first incomplete moment.
Order statistics
Order statistics have been extensively applied in many fields of statistics, such as reliability and life testing. Let X 1 , X 2 , . . . , X n be independent and identically distributed (i.i.d) random variables with the corresponding continuous distribution function F(x). Let X 1:n < X 2:n < · · · < X n:n be the corresponding ordered statistics. The pdf of the s th order statistic is
where, B(., .) is the beta function. Inserting (3.1) and (3.3) in (3.4) and replacing h with v + s − 1, the pdf of the s th order statistic for M-G distribution is
where
Further, the r th moment of sthorder statistic for M-G family is defined by
Inserting (3.6) in (3.7), leads to
Special sub-models of the M-G family
In this section, we discuss some special submodels of the M-G family of distributions, namely, Muth Uniform (MU), Muth Lomax (ML), Muth Rayleigh (MR), Muth exponential (ME), and Muth Weibull (MW) distributions. We also illustrate the flexibility of the proposed family by sketching the graphs for the pdf and hazard rate functions (hrf) of each special submodel mentioned above.
Muth uniform distribution
The Muth uniform (MU) model is defined from (2.1) by taking the cdf and pdf of the uniformly distributed random variable
Then, the cdf of MU random variable is defined by
The pdf and hrf of MU are given by 
Muth Lomax distribution
A random variable X is said to have a Lomax distribution, if its cdf and pdf are given by G(x; ζ)
the cdf of the Muth Lomax (ML)
model is given by
The pdf and hrf of ML distribution are expressed as Figure 2 shows the pdf and hrf of the ML distribution for different parameter values. 
Muth Rayleigh distribution
The cdf and density function of the Rayleigh random variable are expressed as G(x; ζ) = 1 − e −βx 2 and g(x; ζ) = 2βxe −βx 2 , x, β > 0, whereζ = (β). Then, the cdf of the MR distribution has the following form
The pdf and hrf of the MR model are 
Muth exponential distribution
The cdf and density function of the exponential random variable are expressed as G(x; ζ) = 1 − e −βx and g(x; ζ) = βe −βx , x, β > 0, whereζ = (β). Then, the cdf of the ME distribution has the following form
The pdf and hrf of the ME model are
. Figure 4 displays the plots for the pdf and hrf of the ME distribution for selected values of the model parameters. 
Muth Weibull distribution
The cdf and density function of the Weibull random variable are expressed as G(x; ζ) = 1 − e −βx γ and g(x; ζ) = γβx γ−1 e −βx γ , x, β, γ > 0, whereξ = (β, γ). Then, the cdf of the MW distribution has the following form
The pdf and hrf of the MW model are 
Maximum likelihood method
We consider the estimation of the unknown parameters of M-G family from complete samples only by the method of maximum likelihood. Let x 1 , x 2 , . . . , x n be the observed values from the M-G family with the parameter vector Φ = (α, ζ) T . The log-likelihood function for Φ is given by
The elements of the score function U(Φ) = (U α , U ζ k ) are given by
Setting U α and U ζ k equal to zero and solving these equations simultaneously yield the maximum likelihood estimatorΦ = (α,ζ)of Φ = (α, ζ) T . These equations cannot be solved analytically and statistical software can be used to solve them numerically using iterative methods.
Simulation
It is very difficult to compare the theoretical performances of the different estimators (MLE) for the MW distribution. Therefore, simulation is needed to compare the performances of the estimation mainly with respect to their biases and mean square errors for different sample sizes. A numerical study is performed using Mathematica 9 software. Different sample sizes are considered through the experiments at sizes n = 20, 30, 50, 100, 200, 300. In addition, the different values of the parameters α, β, and γ.
The experiment will be repeated 1000 times. In each experiment, the estimates of the parameters will be obtained by maximum likelihood method. The means, MSEs and biases for the different estimators will be reported from these experiments. 
Real life applications
In this section, we use one real data set to illustrate the importance and flexibility of the MW distribution. We compare the fits of the MW model with some models namely: the beta Weibull (BW) [15] , Mcdonald Weibull (McW) [8] , and exponentiated Weibull (EW) [16] distributions.
The maximized log-likelihood (−2 ), Akaike information criterion (AIC), the corrected Akaike information criterion (CAIC), Bayesian information criterion (BIC), Hannan-Quinn information criterion (HQIC), Anderson-Darling (A * ), and Cramér-Von Mises (W * ) statistics are used for model selection.
The data set is obtained from studies in [1] and represents failure times of 84 Aircraft Windshield. The data are summarized in Table 5 : For the data set, Table 6 gives the MLEs of the fitted models and their standard errors (SEs) in parenthesis. The values of goodness-of-fit statistics are listed in Table 7 .
It is noted, from Table 7 , that the MW distribution provides a better fit than other competitive fitted models. It has the smallest values for goodness-of-fit statistics among all fitted models. Plots of the histogram, fitted densities and estimated cdfs are shown in Figures 6 and 7 , respectively. These figures supported the conclusion drawn from the numerical values in Table 7 . It is observed, from Table 7 , that the MW distribution gives a better fit than other fitted models. Plots of the histogram, fitted densities and estimated cdfs are displayed in Figures 6 and 7 , respectively. Figure  8 displays the pp plots of the MW distribution and other competitive models. 
Conclusion
In this paper we propose a new class of distributions called the Muth-G family. Five special submodels are presented. We investigate several structural properties of the new distribution such as expansion for the density and cumulative functions and explicit expressions for the ordinary and incomplete moments, generating function, mean deviation, and order statistics. We estimate the parameters using maximum likelihood method. We perform a Monte Carlo simulation study for one particular case to assess the finite sample behavior of the maximum likelihood estimators. Applications to real data prove empirically the importance and potentiality of the suggested family.
